This paper deals with a reaction-diffusion system with coupled nonlinear inner sources and a nonlinear boundary flux. Blow-up rates are determined for four different blow-up situations. The socalled characteristic algebraic system is introduced to get a very simple and clear description for the desired blow-up rate estimates. It is pointed out that one cannot directly use super and sub-solutions to establish blow-up rate estimates, since they do not share the same blow-up time in general.  2005 Elsevier Inc. All rights reserved.
Introduction
In this paper, we consider the following reaction-diffusion equations coupled via both nonlinear sources and a nonlinear boundary flux: where l ij , p ij 0 (i, j = 1, 2); u 0 (x) and v 0 (x) are smooth functions satisfying the compatible conditions. We deal with completely coupled cases only: it is required that at least one of l 12 Global existence and nonexistence of positive solutions of (1.1) can be found in [26, 33] . It was proved that the solutions of (1.1) blow up in finite time if and only if at least one of the following conditions holds: l 11 > 1; l 22 22 ).
More special cases of (1.1) were studied by many authors. The heat equations coupled via a nonlinear boundary flux were studied by Rossi [25] , Pederson and Lin [21] . The blow-up rates of radial solutions of (1.2) with large initial data and Ω = B R were known as follows:
c sup The case for more general domains was considered by Chen [1] , and the case with p ii = 0 (i = 1, 2) of (1.2) was studied by Deng [3] . Scalar cases of (1.2) were well studied in [4, [11] [12] [13] [14] .
B R u(·, t)(T − t)α 1 C, c sup

B R v(·, t)(T − t)β
The blow-up rates of radial solutions to the homogeneous Dirichlet problem of coupled reaction-diffusion equations u t = ∆u + u l 11 v l 12 , v t = ∆v + u l 21 v l 22 in B R × (0, T ) (1. 3) were obtained by Zheng [35] and Wang [28] as c sup
B R u(·, t)(T − t)α 2 C, c sup
The studies for scalar cases of (1.3) can be found in [6, [8] [9] [10] . A special case of (1.3) with l ii = 0 (i = 1, 2) was discussed by Wang [30] . Fu and Guo [7] , Wang [31] considered blow-up rates and sets for system (1.1) with l ii = p ii = 0 (i = 1, 2). The other cases for (1.1) with l 21 = p 12 = l ii = p ii = 0 (i = 1, 2) and l 21 = l ii = p ii = 0 (i = 1, 2) were studied by Wang also [29, 32] .
In particular, the blow-up rates for system (1.1) were studied recently by Mu et al. [18, 19] . They denote L = (l ij ), P = (p ij ), i, j = 1, 2, and
In [18] , it was assumed that (A) P and L are two matrices with nonnegative entries such that max{l 11 , l 22 } < 1, max{p 11 ,
Under the conditions (A)-(C), the blow-up rate was obtained as O((T
β 2 ) with blow-up set {x = 1}. In [19] , the following conditions were introduced:
(A ) P and L are two matrices with nonnegative entries such that max{l 11 , l 22 } < 1, max{p 11 ,
The blow-up rate was shown as O((T
However, it seems that the proofs given in [18, 19] for the above results are incomplete, where the blow-up rates were determined by those of the sub-and super solutions. This requires that the sub-solutions and the super solutions to the parabolic system (1.1) share the same blow-up time. Clearly, it is not true in general. In this paper, we will improve [18, 19] in three aspects. Firstly, we will give different and reasonable proofs to get the blowup rates (under weaker conditions). Secondly, it was assumed max{l 11 , l 22 , p 11 , p 22 } < 1 in [18, 19] , while in this paper, some of p ii , l jj 1 (i, j = 1, 2) are permitted. In addition, new situations for blow-up rates, not included in [18, 19] , are considered here as well.
This paper is organized as follows. The main results are stated in Section 2. The blowup rates in different situations will be proved in Sections 3-6. The last section deals with blow-up sets.
Main results
We will determine blow-up rates under different conditions. To briefly describe simultaneous blow-up rates for different situations, we introduce the so-called characteristic algebraic system [34] [35] [36] as follows:
with λ i ∈ {0, 1}, i = 1, 2. We have from (2.1) that 
Throughout this paper, we always assume
for x ∈ [0, 1], and let (u, v) be a solution of (1.1) with the simultaneous blow-up time T , guaranteed by suitable large initial data [22, 24, 27] . We will use c and C to denote positive constants independent of t, and may be different from line to line.
The main results of this paper are the following theorems on blow-up rates under different conditions. The first one deals with more simple cases with p ii and (or) l jj 1 (i, j = 1, 2, i = j): 
Then there exist positive constants c, C such that
For the contrary cases, similarly to [7] , denote
Firstly, we have the case, where the sources of (1.1) determine the blow-up rate:
Theorem 2.2. Assume one of the following conditions holds:
In the next case, the boundary flux of (1.1) dominate the blow-up rate:
Theorem 2.3. Assume one of the following conditions holds:
The last is the case, where the source and the boundary flux from different equations play main roles. As corollaries of Theorems 2.2, 2.3, we have the following results.
Theorem 2.4. Assume one of the following conditions holds:
(III 1 ) l 12 = l * 12 , p 21 p * 21 , 0 < β 3 α 3 , p 22 < 1, l 12 + 1 − l 22 > 0; (III 2 ) l 12 l * 12 , p 21 = p * 21 , 0 < α 3 β 3 , max{l 22 , p 22 } < 1, (1 + l 11 )α 3 l 12 β 3 . Then (2.4) is true with (α, β) = (α 3 , β 3 ).
Theorem 2.5. Assume one of the following conditions holds:
In addition, we have the following theorem on blow-up sets.
Theorem 2.6. For any case of
in Theorem 2.4 with l 11 < 1, (IV 1 ), (IV 2 ) in Theorem 2.5 with l 22 < 1, the blow-up set of (1.1) is {x = 1}.
Remark 2.1. It can be proved without substantial difficulties that the blow-up rate estimates for cases (I 1 ), (I 2 ), (III 1 ) and (IV 2 ) are still true for ball-domains in R n with radial initial data. As for more general domains in R n , one can obtain some partial results for the blowup estimates by the procedures used for (1.1) of n = 1, e.g., estimates for lower bounds of blow-up rates to components u under (
Remark 2.2. For the special case of l ii = p ii = 0 (i = 1, 2), Fu and Guo proved that (see (4.1) of [7] )
It is easy to see that, e.g., l 12 l * 12 and (l 12 
in (I 1 ), and the blow-up estimate results of this paper are compatible with those of [7, 31] . If l ij = 0 (i, j = 1, 2), system (1.1) changes to (1.2), for which the same condition equivalent to (I 2 ) was proposed in Theorem 1.1 of [21] . In addition, the assumptions p 21 
Remark 2.3. This paper deals with simultaneous blow-up rates only. The blow-up rates for nonsimultaneous blow-up seem somewhat trivial. Due to one of the two components remains bounded during the whole developing process, the behavior of solutions would be similar to that of the scalar one (e.g., [14, 17] ).
Remark 2.4. The cases (III), (IV) in Theorem 2.1, as well as the cases in Theorems 2.4 and 2.5, are concerning the new situations not considered in [18, 19] , where the source and the boundary flux from different equations determine the blow-up rates. It can be observed that the conditions of Theorems 2.4 and 2.5 are somewhat restrictive. We will show in Section 6 that, e.g., the conditions of (III 1 ) in Theorem 2.4 imply that (α 1 , β 1 ) = (α 3 , β 3 ). A thorough study for these cases should be interesting, and will be considered somewhere later.
Proof of Theorem 2.1
Inspired by [2, 23, 37] , we will use the scaling method to prove the theorem. 
where a, b, c, d are positive functions of t defined as follows:
Clearly, a, b, c, d → 0 as t → T for all the four cases due to, e.g., p ii 1 (i = 1, 2) in case (I). It can be found that (ϕ M , ψ N ) solves the following problems: 
for (III); C on 0 y y
In fact, the regularity theory for the parabolic equations with Neumann boundary conditions yields uniform estimates for ϕ M , ψ N in the Hölder C (ϕ M j , ψ N [15, 20] ) to get 
where However, it is known that the nontrivial solutions of (3.7) do not exist (cf. [35] ). The case of θ * 3 = 1 results in a contradiction also just as (I). For (III) and (IV), we can get contradictions similarly to (I) and (II).
STEP 3. Blow-up rate estimates. Consider (I) only. The other three cases can be treated similarly. The inequalities in (3.2) imply the key relationships 8) and hence
There are two cases for
For the case (i), it follows from (3.9) that 
is not true, there should exist the smallest t 0 ∈ (0, T ) with some 22 , α 1 /β 1 1 and l 12 + 1 − l 22 > 0, we have
This contradiction implies that x 0 / ∈ (0, 1). If (C 0 u − v r 1 )(x, t 0 ) attains its minimum at x = x 0 = 0, since (C 0 u − v r 1 ) x (0, t 0 ) = 0 due to the boundary condition, we have also (C 0 u − v r 1 ) xx (0, t 0 ) 0. We get a contradiction as above. So x 0 = 1. Because p 21 
However, by the definition of (x 0 , t 0 ), we know that
Secondly, we show the estimate for the lower bound of u.
Lemma 4.2. Under the assumptions of Lemma
Proof. Let Γ (x, t) be the fundamental solution for the heat equation. For 0 < z < t < T , we get from the Green's identity that
by the jump relation [5] . From (4.1) and (4.3), we have
Set p 1 = l 11 + l 12
for convenience. Noticing that Γ satisfies (see [5, 20] 
and u(x, t) u(1, t) for x ∈ [0, 1], we get
Since u(1, t) → +∞ as t → T , we can choose 0 < z < t < T such that C √ T − z 1 8 and u(1, t) = 4u(1, z). Because of l 12 l * 12 , or equivalently p 1 2q 1 − 1, we obtain by using the Young's inequality to (4.4) that
This proves (4.2). 2
The following two lemmas show the upper and lower bounds for blow-up rate of v:
Lemma 4.3. Under the assumptions of Lemma 4.2, it holds that
Proof. Similarly to (4.3), we have
. By (4.1) and (4.6), we obtain
It is easy to see that l 12 l * 12 and (l 21 + 1 − l 11 )
We have
and hence
I (t) C(T − t)
with I (T ) = +∞. If I (T ) < +∞, the inequality (4.7) is trivial for t close to T .
On the other hand, definingt = 2t − T for t near T , we have 
v(·, t) = v(1, t).
Proof. By (4.2) and (4.6), we have
Taking z = 2t − T for t close to T , we obtain c(T − t) −β 1 v(1, t) with p 22 < 1. 2
Lastly, we give the upper bound of the blow-up rate for u.
Lemma 4.5. Under the assumptions of Lemma 4.4, we have
Proof. Inspired by [21] , we know from (4.3) and (4.6) that
by the Young's inequality. By the same argument as that for the proof of Lemma 4.3, we have (f g)(t) C(T − t) −(α 1 +β 1 ) for some constant C > 0, and hence
Together with c(T
Combining Lemmas 4.1-4.5, we prove the case (I 1 ) of Theorem 2.2 immediately.
Proof of Theorem 2.3
Without loss of generality, consider the case (II 1 ) only. The proof consists of a series of lemmas also. The first two are similar to those for the proof of (I 1 ) in Theorem 2.2: and hence F, G 0. For (ii), since α(l 11 − 1) + βl 12 = 1 with l 11 < 1, we know that (7.8) holds provided A large enough. For fixed A, B, we can take M large such that (7.9) holds also. The case (iii) is similar. The proof is complete. 2
Since the solution of (1.1) satisfies (7.1)-(7.3), the proof of Theorem 2.6 follows from Lemma 7.1 directly.
